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Regular 4-Polytopes, Quaternions, and Hopf 
Fibrations

Platonic solids are very special objects that exhibit an extremely high degree of symmetry. Regular polytopes are their 
generalization to higher dimensions and admit – no surprise – even higher degrees of symmetry. Among all dimen-
sions, dimension 2 and dimension 4 play a very special role, since they carry algebraic structures that allow to express 
geometric rotations as multiplications with "numbers". For dimension 2, these are the complex numbers; in dimension 4, 
these are the quaternions. Bringing together regular 4-dimensional polytopes with quaternions opens a mathematical 
playground full of unexpected twists (literally) and surprises.

By using interactive visualizations, this talk aims to build up an intuition for this interplay. It will be shown how the ele-
ments of the rotation group of a dodecahedron translates into the faces of a 120-cell (the 4-dimensional analogue of 
the dodecahedron), and how subgroups and their cosets turn into systems of nested rings in 4D – a discrete version of 
the Hopf fibration. 

Jürgen Richter Gebert is full professor for Geometry and Visualization at the Technical University of Munich. His main 
research interests are in combinatorial and projective geometry and in the use of mathematics in interactive visualiza-
tions. He received several awards for his various software projects and science communication activities, including the 
European Academic Software Award, the Ars Legendi and the Communicator Preis from DFG, and the Stifterverband. 
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