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Introductory Example

0 5 10 15 7

What MECHANISM led to the OBSERVED data?
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Interpolation
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Choice of Basis Functions Matters!
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Other Complications

What if we change the sequence to:

1 4 9 16 7
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Noisy Data

X 01 2 3 4
y+e 05 10 15 ?
y 1 4 9 16
e -11 1 -1

Would like to uncover the solution
Ps(X) = (L +x)2 =1+ 2x + x2.

Neglecting noise in the data leads to a 25% error in prediction.
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Least Squares

argmin®(u), &(u) = %HAU —ylP.

Normal equations : A*Ay = A*b.

For N < 3 the normal equtions have a unique solution. For
N > 3 there is an uncountable set of solutions.

1
N _O.po(x)_7§.

N =4:p,(x) =5x+Aq(x), any AeR.
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Least Squares: N =4
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Regularized Least Squares

. 1
argmin|l(u) := ®(u) + §||Z‘%u\|2.

Assume that X is positive definite. Then I(u) has a unique
minimum for all dimensions N.
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Regularized Least Squares: Effect of &
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Nonparametric
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Optimization

dsu

2
ﬁ‘ dx.

Tikhonov1963: R(u) :/

TotalVariation (Mumford /Shah 1989)/(Osher etal1992):

R(u / |dx+Z|u ) —u(x7)|

where J is the jump set.



BASIC CONCEPTS

Nonparametric
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Nonparametric
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Bayes Theorem

P(ANB) =P(A|B)P(B)
P(ANB) =P(B|A)P(A)
Equating gives Bayes Theorem.

P(A|B) x P(B|A)P(A).
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Bayes Theorem in Statistics

P(uly) oc P(y|u)P(u).

Here unknown is u and data is y.
Specifying P(y |u) requires modelling the error statistics.
Specifying P(u) requires modelling prior knowledge.
The distribution P(uly) summarizes our posterior knowledge.

MOVIE
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Bayes and Least Squares

Errormodel :y =Au +e, e~ N(0,1).
Prior : u ~ N (0, X).
Posterior : u ~ N(m,C).

.1 1
m = argmln(EHAu —y|?+ 5”2_%“”2)-
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APPLICATIONS

Signal Processing

Imagine we wish to find u(t) solving

du 3 d
g-u-u +a(N0|SEl)

and we are given y(t) in the form

y(t) = /Ot u(s)ds + NOISE>.
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Oceanography

@ Consider the Navier-Stokes equation:

(:l_\t/ +vAv +B(v,v)=f, v(0)=u

@ Find u (or (u,f)).
@ Given noisy Lagrangian observations

Yik = Zj(t) + 7k
ij = V(Zj,t), Zj(O) =Zjpo
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Random Series

o

1
S, = — diverges
1 ZJ g
=1
S, = ( 1.) ?
j=1 J

&:Z%gmaN@n?

i=1
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Random Series




RANDOM FUNCTIONS
Random Fourier Series

dn(x) = exp(27k - x).

FourierSeries : u(x) = > ujgn(x).
=1

Randomize : u(x) = Y N&en(x), & iid. N(0,1).
=1
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Function Spaces

What regularity do random Fourier series possess?
o0
Sobolevspaces : H® = {u D Pl < oo}.

u (X)—U( )I

Holderspaces : H® = {u € C!s X _yp-l

sup < 00}
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Sobolev Regularity

u(x) =Y N§aa(x), §iid. N(0,1).
j=1

u € H® almost surely iff Zﬁl )\jzjzs < oo. H

The idea:

> 0
Bl =3 A = S
j=1 j=1
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Holder Regularity

u(x) =Y N§aa(x), §iid. N(0,1).
j=1

Theorem

(Kolmogorov 1938) Consider random u in dimension d. If there
exist C,e > 0 and § > 1 such that

EJu(x) —u(y)l’ < Clx —y[?4*¢

then almost surely u € H® for s < ¢/4.
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